Abstract. The main purpose of this paper is to prove several connectedness theorems for complex immersions of closed manifolds in Kähler manifolds with positive holomorphic k-Ricci curvature. In particular this generalizes the classical Lefschetz hyperplane section theorem for projective varieties. As an immediate geometric application we prove that a complex immersion of an ndimensional closed manifold in a simply connected closed Kähler m-manifold M with positive holomorphic k-Ricci curvature is an embedding, provided that 2n ≥ m + k. This assertion for k = 1 follows from the Fulton-Hansen theorem (1979).
Introduction
The Lefschetz hyperplane section theorem [Le] (cf. [AF] ) describes how the topology of a projective algebraic manifold X is related to the topology of a (generic) hyperplane section X 0 = X ∩ H, i.e. the relative homology groups H i (X, X 0 ) = 0 for i ≤ n − 1, where H is a generic hyperplane and n is the dimension of X.
Fifty years later Barth ([Ba] ) generalized Lefschetz's theorem to the intersection of any two projective algebraic manifolds X ⊂ P v and Y ⊂ P v , asserting that
for j ≤ min(n + m − v, 2m − v + 1), where n = dimX and m = dimY . Various generalizations of both results, e.g. to homotopy groups, to local complete intersections and to singular varieties, have been a theme in projective algebraic geometry, and were pioneered in recent times by W. Fulton and several other mathematicians, especially P. Deligne, G. Faltings, T. Gaffney, M. Goresky, K. Johnson, J.P. Jouanolou, R. Lazarsfeld, R. MacPherson, J. Roberts and F.L. Zak (cf. [GM] , [FL] and [Fu] for a more complete survey and references therein).
The well-known Mori-Siu-Yau theorem which solved the Frankel conjecture (cf. [Fr] , [SY] , [Mo] ) shows that compact Kähler manifolds of positive holomorphic bisectional curvature are bi-holomorphic to P m . Theorems of Barth-Lefschetz type for embedded complex submanifolds in Kähler manifolds with positive holomorphic bisectional curvature are proved in [SW] by Schoen and Wolfson using Morse theory on path spaces. In particular, it gives proofs of the Barth and Lefschetz theorems [GK] ).
For the sake of simplicity manifolds, denoted by M, N, N i in the paper, are all closed and connected. 
where p 1 , p 2 are the projections of M ×M to the first and second factors, respectively.
From the definition it is obvious that holomorphic 1-Ricci curvature is the bisectional curvature. Therefore by [SY] and [Mo] we have M = P m if k = 1 and M is compact. In this case the above theorem reduces to the connectedness theorems of Fulton-Hansen (cf. [FH] ) and Deligne (cf. [GM] , page 27) for local complete intersections in P m . One may wonder if the above statements can be improved by changing the strict inequalities to weak inequalities. This may not be possible in the most general situation. For instance, if k = 1 and M = P m with m odd, for a free holomorphic bijection φ, the map f :
However, below, in the most interesting case, Theorem A is sharpened with all strict inequalities replaced by weak inequalities. Moreover, there is an additional property (see B4).
For a map f :
denote the mapping cylinder of f . We will use π i (X, Y ) to denote the relative homotopy group π i (X f , Y ). In the following the relative homotopy group should be understood in this way.
as the i-th homotopy group of the composition map
Some comments on Theorem B are in order. First, (B1) immediately implies the following intersection theorem, which reduces to the Frankel theorem if M = P m . 
Second, (B2) implies the following regularity result. 
Theorem 0.4 reduces to the classical Lefschetz hyperplane section theorem and the Barth theorem when k = 1, by the Mori-Siu-Yau Theorem ( [SY] , [Mo] ).
Finally, (B2) implies
Note that Theorem 0.5 may be considered as a Bertini-type theorem which asserts the same conclusion if replacing M by P m ( [Fu] ).
Remark 0.6. In all results of this paper the ambient manifold M could be relaxed to be complete. The reason is that Theorem 5.1 of the fifth section, together with the dimension assumptions in our results, imply the compactness of the ambient manifold. Remark 0.8. For a holomorphic vector bundle E → M , Griffiths proved that the ampleness of E implies the so-called Griffiths positivity [G] . A generalized Lefschetztype theorem holds for the zero locus of a holomorphic section of any holomorphic vector bundle E → M satisfying the Griffiths positivity. Sommese [So] has defined the notion of k-ample for a bundle, 0-ample being ample, and k a sort of defect from ampleness. We do not know if the positivity of the holomorphic k-Ricci curvature implies the (k − 1)-ampleness of the canonical bundle K → M for k > 1.
We conclude this section with two more remarks extending our theorems to certain more general settings.
Remark 0.9. A Hermitian manifold M with complex structure J and Hermitian metric g is called locally conformal Kähler (l.c. Kähler, in brief, cf. [Or] ), if around every point there exists a coordinate chart on which g is conformal to a Kähler metric. It is well known that on a l.c.K manifold there exists a globally defined closed 1-form ω (the Lee form) such that dΩ = ω ∧ Ω, where Ω is the Kähler form of M . The contravariant vector field ω # of ω is called the Lee vector field. Theorems A and B hold identically if M is a l.c. Kähler manifold, and f : N → M × M is a complex immersion tangent to the Lee vector field ω # (compare [Or] for the Frankel type theorem).
Remark 0.10. An almost Hermitian manifold M with almost complex structure J is called nearly Kähler if the Levi-Civita connection of the Hermitian metric satisfies ∇ X (J)X = 0 for any vector field X (cf. [Gr] ). Theorems A and B hold identically for nearly Kähler manifolds (compare [Gr] section 10 for a Frankel type theorem).
This paper was partially inspired by the works [FMR] , where a connectedness principle was developed for totally geodesic submanifolds in the geometry of positive curvature, and [SW] , where Morse theory on path spaces are used to obtain theorems of Barth-Lefschetz type.
The rest of the paper is organized as follows:
In Section 1, we apply Morse theory to suitable path spaces.
In Section 2, we prove some indices theorems for energy functions.
In Section 3, we prove Theorems A-B.
In Section 4, we prove Theorems 0.2, 0.4, 0.5 and Corollary 0.3.
Morse theory on path spaces
Let M be a complete Riemannian manifold without boundary and let f : N → M × M be an immersed complete submanifold of dimension n.
A piecewise smooth path in M (mod f ) is a pair (x, γ), where x ∈ N and a map
The set of all piecewise smooth paths (mod f ) is denoted by P (M ; f ). The topology of P (M ; f ) is taken the induced topology from N × P (M ), where P (M ) is the space of piecewise smooth paths with the metric topology given by
Note that the integral is well defined althoughγ i (i = 1, 2) may not be defined at finitely many points in [0, 1]. On the space P (M ; f ) there is an energy function E :
We want to study the topology of P (M ; f ) using Morse theory for the function E. When f is an embedding, path space with this general boundary condition was studied in [GR] using Morse theory on Hilbert manifolds. Instead, we will use the finite-dimensional approximation methods to reduce to Morse theory in finite dimension.
The tangent space of P (M ; f ) at (x, γ) is defined as the vector space of piecewise smooth vector fields W along γ such that (W (0),
By a standard calculation the first variation of E in the direction W ∈ T γ P (M, f ), is given by (i) γ is a smooth geodesic;
If γ is a critical point of E we consider any variation h (t, s, u) of γ with ∂h ∂s (t, 0, 0) = W 1 (t), ∂h ∂u (t, 0, 0) = W 2 (t). Then the second variation of E along γ, denoted by E * * (W 1 , W 2 ), is as follows:
where α is the second fundamental form of the immersion f :
. Following Milnor-Morse we define a finite-dimensional approximation to P c (M ; f ) as follows:
Choose some subdivision 0 
, from the compactness of N we conclude that there exists x ∈ N such that d(f 1 (x), f 2 (x)) = δ is a positive minimum. In particular P (M ; f ) contains no constant path and the energy function on P (M ; f ) assumes a positive minimum δ 2 at (x, γ), where γ is a minimal geodesic joining f 1 (x) and f 2 (x). For this minimal critical point (x, γ) the index is clearly zero. A contradiction to the assumption.
We also need the following lemma of Milnor for finite-dimensional manifolds.
Lemma 1.4. Let X be a finite-dimensional smooth manifold and let f : X → R be a real function with minimal value zero. Suppose that for any a the sublevel set a] ) is compact. Assume that the set X 0 of minimal points has a neighborhood U with a deformation retraction r : U → X 0 , and that all nontrivial critical points have indices greater than λ 0 ≥ 0. Then X has the homotopy type of a CW-complex by attaching cells of dimensions at least λ 0 + 1 to X 0 . In particular,
Proof. [Mi] , Sect. 22.
Theorem 1.5. Let M be a complete Kähler manifold and let ∆ be the diagonal of M ×M . Suppose that f : N → M ×M is a complex immersion, where N is a closed manifold. Let
P 0 = f −1 (∆). If every nontrivial critical point of E on P (M ; f ) has index λ > λ 0 ≥ 0, then P (M ; f )
has the homotopy type of a CW-complex obtained by attaching cells of dimensions at least
Proof. Note that each point x in P 0 could be associated with a constant path at p 1 f (x) (= p 2 f (x)). So P 0 can be identified with the constant geodesics in P (M ; f ). It suffices to prove that for any large value c, P c (M, f ) has the homotopy type of a CW-complex obtained by attaching cells of dimensions at least λ 0 + 1 to P 0 . By Theorem 1.2 P c (M, f ) deformation retracts to B. Moreover, the index for every nontrivial critical point for the restricted energy function is greater than λ 0 , too. The space P 0 is clearly inside B. To apply Lemma 1.4 it suffices to prove that there is a neighborhood U ⊂ B of P 0 and a retraction r : U → P 0 .
Since f is complex analytic with respect to holomorphic coordinates in N and M × M , the minimal set P 0 (resp. B) may be identified with an analytic subvariety
. It is well known that any analytic subvariety is triangulable, as a subcomplex of
Therefore an open regular neighborhood of this subcomplex is a desired open neighborhood U . The desired result follows.
Indices theorems for critical points of energy functions
We start with two elementary lemmas in linear algebra. I(e i , e i ) < 0.
Then the index λ of I satisfies λ
Proof. It follows from the proof of (2.1.1) in Lemma 2.1 of [FMR] . 
If W is a parallel vector field along γ with W = (W (0), W (1)) ∈ f * (T x N ), then JW = (JW (0), JW (1)) is also tangent to N at x, since f is a complex immersion. Let V be the real linear space spanned by vectors (W (0), W (1)), where W is a parallel vector field along γ with W orthogonal toγ and Jγ. The complex dimension of V is m−1. If W = (W (0), W (1)) ∈ V, then JW ∈ V and both W, JW are orthogonal to η = (−γ(0),γ(1)) and Jη. We have the complex dimension Proof. We can assume that k ≤ n − m since otherwise there is nothing to prove. Let V ⊂ T (x,γ) P (M, f ) be the complex vector space spanned by parallel vector fields W along γ orthogonal to the complex lineγ∧Jγ such that (W (0),
Consider the real symmetric bilinear form
on V and the real inner product
Note that the index of E * * is not less than the index of E * * restricted to V . Therefore by Lemma 2.2 it suffices to prove that there is a complex subspace V 0 ⊂ V of dimension at least n − m − k + 1, such that for any nontrivial vector X ∈ V 0 it holds that
where J is the complex structure on V 0 . Consider V as a real vector space. Let B : V → V be the real symmetric linear map defined by Bv, w = I (v, w) . Since I(X, X) = I(JX, JX), it is easy to see that JB = BJ. So B is also a C-linear map. Since B is symmetric, its eigenvalues are real, hence there is a basis of V of orthonormal eigenvectors e 1 , Je 1 , · · · , e j , Je j .
Thus there exists an orthogonal decomposition
Note that B = C ⊕ C, with respect to the above basis.
Take any k orthonormal vectors
Thus we conclude by Lemma 2.1 that the index µ of I restricted to R j satisfies 
Proof. We can assume that k ≤ n − m + 1. Let V be as in the proof of Theorem 2.3. If x = (x 1 , x 2 ), it is easy to see that the critical point (x, γ) satisfieṡ (1)) and (0, Jγ(1)) are both orthogonal to f * (T x N ). Obviously, all the four vectors (γ(0), 0), (Jγ(0), 0), (0,γ(1)) and (0, Jγ (1)
For the same reasoning as above it follows that the index λ of E * * at the critical point (x, γ) satisfies λ ≥ n − m − k + 2. (1))). It is a standard result in topology that π is a Serre fibration
with fiber the loop space ΩM with a fixed base point. By definition we know that the projection to the first factor p :
In particular, there is a homotopy exact sequence
Proof of Theorem A. By Lemma 1.3 and Theorem 2.3, (A1) follows.
Note that π i−1 (ΩM ) = π i (M ). In particular, ΩM is path connected if M is simply connected. Then P (M ; f ) is path connected. If n > m + k, by Theorem 1.5 and the index Theorem 2.3, P (M ; f ) has the homotopy type of a CW-complex, obtained from f −1 (∆) by attaching cells of dimensions at least 2. Thus f −1 (∆) is path connected. This proves (A2).
By Theorem 1.5 and Theorem 2.3 we know that π i (P (M ; f ); f −1 (∆)) = 0 if i ≤ n − m − k. By the above homotopy exact sequence we get the desired exact sequence. It is easy to see that the homomorphism from π i (N ) → π i (M ) is given by (p 1 f ) * − (p 2 f ) * , where p 1 , p 2 : M × M → M are the projections to the first and the second factor, respectively (cf. [GR] ). This implies (A3).
Proof of Theorem B. The proofs of (B1)-(B3) are the same as in the proof of Theorem A.
To prove (B4) instead of deriving from (B3) we use more geometric methods. Let p 1 : P (M ; f ) → N 1 denote the composition of the bundle projection p with the projection from N 1 × N 2 → N 1 to the first factor. Note that p 1 is a fibration with fiber V , the pullback fibration fitting in the commutative diagram
− −−− → M where the right side is the principal path fibration. Note that P (M, * ) is contractible. By the above diagram V is the homotopy fiber of the map f 2 : N 2 → M . Therefore by the fibration homotopy exact sequence it follows that
for all i. This together with the homotopy exact sequence for the fibration
and the long exact sequence for the map i 1 : f −1 (∆) → N 1 gives a commutative diagram:
The middle homomorphism is surjective for i ≤ n − m − k + 1 since by Theorem 1.5 and Theorem 2.4, π i (P (M ; f ), f −1 (∆)) = 0. By the 5-lemma the commutative diagram above implies that
is an isomorphism for all i ≤ n − m − k + 1 and a surjection for i = n − m − k + 2. The desired result follows. Proof of Theorem 0.2. Since f : N → M is an immersion, it suffices to show that f is a one-to-one map.
is not connected; a contradiction to (B2).
Proof of Corollary 0.3. Let l be the complex positivity of M . Observe that k = m − l + 1. The desired result follows by Theorem 0.2 and the calculation of l in [KW] . 
Compactness of the ambient manifold
By using standard arguments on Ricatti equations (see [MZ] , [Gu] ) we can obtain the following result. defined for all t ≥ 0. Thus it follows from [MZ] or from [Gu] that lim inf 
